CST 3526 Stochastic Process Lecture 12 - 12/4/2025

Lecture 12: Second-order Processes 11

Lecturer: Zigiao Wang

In this lecture, we will continue our discussion of second-order processes. We will show how a cyclosta-
tionary (and hence non-stationary) process can be transformed into a stationary one, and we will discuss
orthogonal increment processes and the properties of their autocorrelation functions. Finally, we will intro-
duce the ergodic theorem.

1 Cyclostationarity and Wide-Sense Cyclostationarity

It is possible to transform a cyclostationary process into a stationary one by introducing a
random time shift:

Theorem 1.1 (Creation of a Stationary Process from a Cyclostationary Process). Let X(t) be a cyclo-

stationary process with period Ty. Let © be a random variable, uniformly distributed over [f%, %], and
independent of the process. Define B
Xt =S Xt+@, te X. (1)
Then )?(t) 1$ @ stationary process.
Proof. By direct computation, we have, for any ty,...,t, € T and z1,...,z, € R,
o ~ ~
Fyo xo (@) :/ P(Xi, <ary Koy <20 | ©=0) fr(0)do
—0o0
1 T0/2
= T Xt1+67~»-7X1n+9(x17"'vxn) do, (2)
0J-Ty/2
since © is uniformly distributed on [—%, %] Because FXt1+9,~-~’th+e (z1,...,xy) is periodic in z with

period Tp, the integral above averages over complete periods of this function. Thus, it’s easy to see that
F)"(t17.__,)~(tn(x17~'wxn) :FXt1+r7~--75(tn+r(x1’”"xn)’ V1 e X, (3)

showing that the process X (t) is stationary. O

Remark 1.1. The corresponding result for discrete-time cyclostationary processes follows in an analogous
manner. In addition, we can likewise show that if X (t) is a wide-sense cyclostationary process with period
Ty, then the process

Xt £ Xt+@a te ]Ra

where © is uniformly distributed on [0, Ty] and is independent of the process, is wide-sense stationary with

1 [T
mx = mx (t)dt, (4)
0Jo
1 [To
Re(r) =g | Bx(tt+m)dt (5)

Example 1. Let X,(¢) be the phase-shifted version of the pulse amplitude-modulated waveform X (t)
introduced in Example 3 in Lecture 11. Find the mean and autocorrelation function of X,(t).



Note that X;(¢) has zero mean since X (¢) is zero-mean. The autocorrelation of X;(¢) has been obtained
from Example 3 in Lecture 11, we can see that for 0 < t +7 < T, Rx(t+ 7,t) = 1 and Rx(t+ 7,t) =0
otherwise. Therefore,

1T T-7
f T: == dt =
or 0 <7< Rx_ (1) T/o T
I T+
for —T <7<0: RXQ(T)—T-[Tdt: T
Thus, X(t) has a triangular autocorrelation function:
- e
Ry, (1) =
0, |7| > T

2 Orthogonal Increment Process

To further understand wide-sense stationarity and non-stationarity, we introduce a representative class of
non-stationary random processes, namely the orthogonal increment processes, whose theoretical and practical
importance is well recognized.

Definition 2.1 (Orthogonal Increment Process). For a second-order process X (t),t € R, if
Vi <to <tz <ty, t1,t2,13,t4 €R,

the condition
E[(Xt4 - Xt3)(Xt2 - th )] =0

holds, then the process is called an orthogonal increment process.

This definition indicates that increments over different time intervals are mutually orthogonal. The
term “orthogonal”, with its clear geometric meaning, highlights the geometric interpretation of correlation
computations.

Definition 2.2 (Independent Increment Process). For a stochastic process X (t),t € R, if
Vi <ty <t <ts, t1,t2,t3,ts €R,

the increments X, — X, and X, — X, are statistically independent, then the process is called an independent
increment process.

Remark 2.1. If X(t) is an independent increment process with zero mean, then X(t) is an orthogonal
increment process. Indeed, for
Vi <ty <ts < 14,

if the increments Xy, — Xy, and Xy, — Xy, are statistically independent, then
E[<Xt4 - th)(th - th )] = E[Xt4 - th} ]E[th - th] =0.
Another notion that appears frequently in random process theory is that of stationary increments.

Definition 2.3. A process X (t) is said to have stationary increments if, for any shift h, the process {X;, —
Xt }teT is stationary, namely the distribution of the increment X (¢4 h)— X (t) depends only on the difference
h.



Clearly, a stationary process has stationary increments.
The autocorrelation function of a process with orthogonal increments has a unique form.

Theorem 2.1. Let X(t),t € [0,00) be a stochastic process with Xo = 0. Then a necessary and sufficient
condition for X (t) to be a process with orthogonal increments is that its autocorrelation function satisfies

Rx(s,t) = F(min(s,t)),
where F(-) is a non-decreasing function.
Proof. We first prove the necessity. When s > ¢, we have
Rx(t,s) =E(X,X,) =E((X; — X, + X,)X,)

:E((Xt - XS)(XS - XO)) + ]E(|XS|2)
=E(|X,[*) = F(s).

Similarly, for ¢t < s,
Rx(t, S) = F(t)

We now verify that F'(-) is non-decreasing. When s < t,

F(t)— F(s) =F(t) — F(s) — F(s) + F(s)

E(1X,%) - E(IX,]?)

=E(|X:|*) - B(X: X;) — E(X; X;) + E(|X,[?)
=E|X, — X,[*>>0.

Hence, F'(+) is a non-decreasing function.
Next, we prove sufficiency. If the autocorrelation function of X (t) satisfies

Rx(t,s) = F(min(s,?)),
then for all t; < to < t3 < t4, where t1,to,t3,t4 € R,

E((XM - th)(XtQ - th)) :E(Xt4Xt2) - E(thXt2) - E(XMth) + E(Xt3Xt1)
:F(min(t4, tg)) — F(min(tg, tg)) — F(min(t4, tl)) + F(Hlin(tg, tl))
ZF(tQ) — F(tg) — F(tl) + F(t1) =0.
Therefore, X (t) is a process with orthogonal increments. O

Example 2 (Brown Motion). A stochastic process {B(t), t > 0} is called a Brownian motion (or Wiener
process) with variance parameter o2 > 0 if it satisfies: (i) By = 0 almost surely. (ii) Orthogonal incre-
ments. (iii) Gaussian increments: For all t > 5 > 0, B, — B, ~ N(0, o2(t — s)).

For Brownian motion with variance parameter o2, the autocovariance function is
Rp(t,s) = E(Bfnin(t’s)) = Var(Buin(t,s)) = o?min(t, s).

Let {B(t),t > 0} be a Brownian motion with variance parameter o2

formally as the generalized derivative

. Define the white noise process

d
Y(t) = —=B(t).
(t) = 5B
Although B(t) is almost surely nowhere differentiable, the process Y (t) is well-defined in the sense of
generalized stochastic processes. Its autocorrelation function can be computed formally as follows.



We compute

R (t,5) = BYY:] =B | £, 5.1
Using the fact that differentiation under expectation is valid for generalized processes,
82 82 2
Ry(t,s) = %E[BtBs] = 508 Rp(t,s) = 5t O3 (o min(t, ).
We then use the fact that min(¢,s) = 3 (¢ +s — [t — s|), hence,
2 [,2
Ry (t,s) =56 ?(tJrs —|t—s|)
o2 0?
- 2 010 t= 4
=-— % % Sgn(t — s)
2
= L (Ut—5) - Uls 1)
=02 6(t — 5).

That is,

’Ry(t,s) = o%5(t — s).

Thus the derivative of Brownian motion is a Gaussian white noise process with intensity o2.
Notice that we turn an orthogonal increment process to a W.S.S. process.

3 Ergodic Theorem

In many situations, to estimate statistical quantities of a random process X (¢,w), we repeat the random
experiment that generates the process a large number of times and take the arithmetic average of the
quantities of interest. For example, to estimate the mean mx (¢) of a random process X (¢,w), we repeat the
experiment and compute the empirical average:

LN
mx(t) = NZX(@%'),

where N is the number of repetitions of the experiment, and X (¢,w;) denotes the realization observed in the
i-th repetition.

In some situations, we are interested in estimating the mean or the autocorrelation function from the
time average of a single realization. That is,

(X@®)r = % /_TX(t,w) dt.

An ergodic theorem provides conditions under which a time average converges to the en-
semble average as the observation interval becomes large.

The strong law of large numbers is one of the most important ergodic theorems. It states that if X, is
an i.i.d. discrete-time random process with finite mean E [X,,] = m, then the time average of the samples
converges to the ensemble average with probability one:

P

) 1 n
nll—{goﬁiz:;Xi :m] =1.



This result allows us to estimate m by taking the time average of a single realization of the process. We
are interested in obtaining results of this type for a larger class of random processes, that is, for non-i.i.d.
discrete-time random processes, and for continuous-time random processes.

Example 3. Let X(¢t) = A for all ¢, where A is a zero-mean, unit-variance random variable. Find the
limiting value of the time average.
The mean of the process is

However,
1 T

Thus, the time-average mean does not always converge to mx (t) = 0.

Remark 3.1. Note that this process is stationary. Therefore, this example shows that stationary processes
need not be ergodic.

Consider the estimate (X (¢))r for E[X(¢)] = mx(¢). The estimate is independent of ¢, so obviously
it only makes sense to consider processes for which mx(t) = m, a constant. We now develop an ergodic
theorem for the time average of WSS process.

Let X (t) be a WSS process. The expected value of (X (¢))r is

1 T
— X(t)dt
QT[T (1)

This equation states that (X (¢))r is an unbiased estimator for m.
Consider the variance of ( (t ))

Var[(X [(X ()7 —m)?]
{21[/ t} {;T/_T(X(t’)—m)dt’H
4p/./ m)(X () — m)] dt dt’

4T2/ / Cx (t, ') dtdt'.

Since the process X (t) is WSS, the equation becomes

Var[( T 4T2 / / CX t—t dtdt

Using basic calculus (e.g., let 7 = ¢ —t), we have

1

T
4—/‘MKMﬁ:m
-T

E[(X(8)r] = E =

Var[(X (1)) 7] :ﬁ/_ﬂ(ZT— |T|)Cx (1) dr
1 2T

=57 _2T(1 — ﬁ)CX(T) dr.

Therefore,
(X(t))r — m in the mean—square sense, that is, E [((X(t)ﬁ - m)z} — 0,

provided that the expression in the equation above approaches zero as T increases. We have just proved the
following ergodic theorem.



Theorem 3.1. Let X (t) be a WSS process with mx (t) = m. Then

lim <X(t)>T =m

T—o0

in the mean square sense, if and only if

lim /2T 1Y e ryar = o
im — - — =0.
7500 2T | _op or ) VX\TAT

We say that a WSS process is mean ergodic if it satisfies the conditions of the above theorem.

The above theorem can be used to obtain ergodic theorems for the time average of other quantities. For
example, if we replace X (¢) with Y (¢t + 7)Y (¢), we obtain a time-average estimate for the autocorrelation
function of the process Y (¢):

(Y(t+7)Y(t)r = % /_i Y (t + 7)Y (t)dt. (9.105)

It is easily shown that
E[Y(t+ 7)Y ()] = Ry(r) if Y(¢)is WSS.

The above ergodic theorem then implies that the time-average autocorrelation converges to Ry (7) in the
mean square sense if the term with X (¢) replaced by Y (¢)Y (¢ + 7) converges to zero.

If the random process under consideration is discrete-time, then the time-average estimate for the mean
and the autocorrelation functions of X,, are given by

T
1
<Xn>T - ﬁ Z Xna

n=-—T
1 T
XniwXp)r = —— Xt Xy,
(Xt Xn) 7 2T+1n:Z_T tk

If X,, is a WSS random process, then E [(X,,)r] = m, and so (X,)r is an unbiased estimate for m. It is
also easy to show that the variance of (X,,)r is

1 o k
Var[(Xn)r] = 575 k;}ﬂ (1 N 2T|+| 1) Cx (k).

Therefore, (X,,)7 approaches m in the mean square sense and is mean ergodic if the expression in the
equation above approaches zero with increasing T'.



